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HARMONIC AND SCHRO¨DINGER FUNCTIONS OF POLYNOMIAL
GROWTH ON GRADIENT SHRINKING RICCI SOLITONS
JIA-YONG WU AND PENG WU
Abstract. In the previous paper (Math Ann 362:717-742, 2015), we proved that the
space of f -harmonic functions with polynomial growth on complete non-compact gradient
shrinking Ricci soliton (M, g, f) is one-dimensional. In this paper, for a complete non-
compact gradient shrinking Ricci soliton with scalar curvature satisfying at least quadratic
decay, we prove that the space of harmonic functions with fixed polynomial growth degree
is finite dimensional. We also prove analogous results for ancient caloric functions. On
the other hand, for a complete non-compact gradient shrinking Ricci soliton without any
assumption, we prove that the space of certain Schro¨dinger functions with fixed polynomial
growth degree is finite dimensional. These estimates are all sharp.
1. Introduction
For a complete Riemannian manifold (M, g), a smooth function f on M and a real
constant d ≥ 0, let Hfd(M) be the linear space of f -harmonic functions with polynomial
growth of degree at most d. That is, u ∈ Hfd(M) if
∆fu = 0,
where f -Laplacian ∆f := ∆ − 〈∇f,∇〉, and for some point p ∈ M and a constant C(u)
depending on u,
sup
Bp(r)
|u| ≤ C(u)(1 + r)d
for sufficiently large r, where Bp(r) is the geodesic ball of radius r centered at p. When
f is constant, that is, in the case of harmonic functions, we simply write notation Hd(M)
instead of Hfd(M).
For an n-dimensional Riemannian manifold (M, g) with nonnegative Ricci curvature, Yau
[59] developed a gradient estimate technique to show that any bounded below harmonic
function on M must be constant, namely,
dimH0(M) = 1.
Inspired by this, Yau [60, 61] conjectured that Hd(M) is finite dimensional for all d ≥ 0.
For this conjecture, Cheng [10] firstly observed that the Cheng-Yau’s gradient estimate [11]
can be used to show that
dimHd(M) = 1
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for d < 1. For d = 1, Li and Tam [36] proved
dimH1(M) ≤ n+ 1,
and the equality is achieved by the Euclidian space Rn. Moreover, Cheeger, Colding and
Minicozzi [8] proved that if H1(M) = n + 1, then M is isometric to Rn (see [33] for the
special case of Ka¨hler manifolds). Later, Li and Tam [37], and Kasue [29] independently
solved the case n = 2 of Yau’s conjecture. In fact, they obtained sharp upper bounds on the
dimension of Hd(M) for surfaces with finite total curvature. Finally, Colding and Minicozzi
[14] completely settled Yau’s conjecture and proved that for each d ≥ 1,
dimHd(M) ≤ C(n)dn−1
for some constant C(n) depending only on n. Here the power of d is sharp, because
dimHd(Rn) ∼ 2(n−1)!dn−1 as d → ∞. For more related results, see [13], [15], [16], [17],
[24], [26], [28], [31], [34], [35], [38], [39], [58] and references therein.
An n-dimensional gradient shrinking Ricci soliton (see [23]) is a triple (M, g, f) of n-
dimensional smooth manifold M , Riemannian metric g and a smooth potential function f
on (M, g), such that
Ric + Hess f =
1
2
g,(1.1)
where Ric is the Ricci curvature of (M, g) and Hess f is the Hessian of f . The shrinking Ricci
soliton, natural generalization of the Einstein manifold, can be viewed as the self-similar
solution to the Ricci flow [23]. So its geometric structure is an important subject in the
Ricci flow theory.
There exists an interesting phenomenon that complete non-compact gradient shrinking
Ricci solitons often share the same geometric properties of complete non-compact Riemann-
ian manifolds with nonnegative Ricci curvature (even Einstein manifolds), such as the vol-
ume growth of geodesic ball, Liouville property, ǫ-regularity theorem, Cheeger-Gromov com-
pactness theorem, heat kernel estimate, splitting type result, etc. The reader can consult
to [6], [21], [22], [25], [41], [46], [47], [54], [55], [57] and reference therein.
Therefore it is natural to ask
Question. For a complete non-compact gradient shrinking Ricci soliton (M, g, f), are
Hfd(M), Hd(M) and their related spaces finite dimensional for all d ≥ 0?
In this paper, we will study this question and an analogous question for ancient caloric
functions on (M, g, f). We also discuss similar problems for their related Schro¨dinger opera-
tors. These studies will be useful for understanding the function theory of gradient shrinking
Ricci solitons.
In Corollary 1.6 of [55], we proved that any nonnegative L1f -integrable f -subharmonic
function on non-compact gradient shrinking Ricci soliton (M, g, f) must be constant. Here,
a smooth function u is called L1f -integrable on M , if
∫
M
|u|e−fdv < ∞; u is called f -
subharmonic if ∆fu ≥ 0. Now suppose u ∈ Hfd(M) for some d ≥ 0, then u2 is nonnegative
f -subharmonic, and u2 ∈ L1f (M) sinceM has at most Euclidean volume growth and f grows
quadratically (see [6]). Therefore, u2 ≡ const. In other words, we prove that,
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Theorem 1.1. Let (M, g, f) be an n-dimensional complete non-compact gradient shrinking
Ricci soliton. Then, for each d ≥ 0,
dimHfd(M) = 1.
Note that Munteanu and Wang [44] proved the space of f -harmonic function with fixed
polynomial growth degree is finite dimensional when Ricf ≥ 0, where Ricf := Ric + Hess f ,
and f is bounded. Ge and Zhang [22] proved that there does not exist non-constant positive
f -harmonic function on complete non-compact gradient shrinking Ricci solitons.
Next, we shall focus on the dimension estimate of Hd(M) on gradient shrinking Ricci
soliton (M, g, f). Normalizing f by a constant in (1.1), without loss of generality, we may
assume that the gradient shrinking Ricci soliton (1.1) satisfies (see the explanation in Section
2 or [32])
(1.2) R + |∇f |2 = f and
∫
M
(4π)−
n
2 e−fdv = eµ,
where R is the scalar curvature of (M, g) and µ = µ(g, 1) is the entropy functional of
Perelman [48] (see the definition in Section 2). For the Ricci flow, the Perelman’s entropy
functional is time-dependent, but on a fixed gradient shrinking Ricci soliton it is constant
and finite.
When the scalar curvature of gradient shrinking Ricci soliton has at least quadratic decay,
we prove the following dimension estimate of Hd(M).
Theorem 1.2. Let (M, g, f) be an n-dimensional complete non-compact gradient shrinking
Ricci soliton satisfying (1.1) and (1.2). Assume there exists a nonnegative constant c0 such
that the scalar curvature
R(x) ≤ c0
r2(x, o)
,
where r(x, o) is the geodesic distance function from point x ∈ M to a fixed point o ∈ M .
Then the dimension of Hd(M) is finite for each d ≥ 0. Indeed, for each d ≥ 0,
dimHd(M) ≤ C(n)(c0 + 1)n2 e−µ 4d
for some constant C(n) depending on n. For each d ≥ 1, we could have another estimate
dimHd(M) ≤ C(n)(c0 + 1)n2 e−µ dn−1
for some constant C(n) depending on n. Here µ is the Perelman’s entropy functional.
Since our proof of Theorem 1.2 strongly depends on a local mean value type inequality
(see Corollary 3.4 below), the scalar curvature decay condition seems to be necessary in
some ways. Indeed, for the constant function, Corollary 3.4 obviously implies that the
gradient shrinking Ricci soliton has the Euclidean volume growth, which often occurs on
some asymptotically conical cases.
Remark 1.3. The exponent n − 1 in the second estimate of Theorem 1.2 is sharp. Indeed,
on Gaussian shrinking Ricci soliton (Rn, gE,
|x|2
4
), where gE is the standard flat Euclidean
metric, we know R = 0, µ = 0 and dimHd(Rn) ∼ 2(n−1)!dn−1 as d→∞.
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Remark 1.4. For a shrinking gradient Ka¨hler Ricci soliton, Munteanu and Wang [47] proved
that the space of holomorphic functions with fixed polynomial growth degree is finite di-
mensional without any extra condition.
Since the condition of scalar curvature in Theorem 1.2 seems to be specialized, it is
expected to remove the scalar curvature condition. Surprisingly, if we consider linear space
Hd(a,M) instead of Hd(M), we can get a finite dimensional estimate without any curvature
assumption. Here, we say that u ∈ Hd(a,M), if function u satisfies the Schro¨dinger equation
(∆− aR)u = 0,
where a is a positive constant and R is the scalar curvature of (M, g), and for some point
p ∈M and a constant C(u) depending on u,
sup
Bp(r)
|u| ≤ C(u)(1 + r)d
for sufficiently large r. The motivation of considering the Schro¨dinger equation comes from
the Perelman’s geometric operator −∆+ 1
4
R [48] and the conformal Laplacian −∆+ n−2
4(n−1)
R
related to the Yamabe problem [30]. Recently, Li and Wang [41] proved a Sobolev inequality
including a scalar curvature term on gradient shrinking Ricci solitons (see Lemma 3.1 below),
which also inspires us to consider the Schro¨dinger operator. For the dimensional estimate
of Hd(a,M), we have that,
Theorem 1.5. Let (M, g, f) be an n-dimensional complete non-compact gradient shrinking
Ricci soliton satisfying (1.1) and (1.2). Then the dimension of Hd(a,M) is finite for each
d ≥ 0. Indeed, for each d ≥ 0, we have
dimHd(a,M) ≤ C(n)(a−1 + 1)n2 e−µ 4d
for some constant C(n) depending on n. For each d ≥ 1, we could have another estimate
dimHd(a,M) ≤ C(n)(a−1 + 1)n2 e−µ dn−1
for some constant C(n) depending on n. Here µ is the Perelman’s entropy functional.
Compared with Theorem 1.2, Theorem 1.5 does not need any curvature assumption be-
cause the proof of this case depends on another local mean value type inequality without
any curvature condition (see Corollary 3.6 below). Regarding this result, we may think that
the Schro¨dinger operator −∆+ aR seems to be more natural than the Laplace operator in
some ways on gradient shrinking Ricci solitons.
Remark 1.6. As in Remark 1.3, the Gaussian shrinking Ricci soliton (Rn, gE,
|x|2
4
) indicates
that the power of d in the second estimate of Theorem 1.5 is also sharp.
Remark 1.7. The results of Theorems 1.2 and 1.5 can be applied to harmonic and Schro¨dinger
sections on a vector bundle by a similar argument.
The proof strategy for dimension estimates originates with the work Colding-Minicozzi
[14, 17] and the later Li’s generalization [34]. Inspired by their arguments, there are two main
technical ingredients in our setting. One is a local mean value type inequality on gradient
shrinking Ricci solitons (see Corollaries 3.4 and 3.6). Its proof depends on a delicate Moser
iteration to a local Sobolev inequality of Li-Wang [41], combining some properties of gradient
shrinking Ricci solitons. The other is an integral inequality involving a class of inner products
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on a finite dimensional subspace of Hd(M) and Hd(a,M), respectively (see Lemmas 4.3 and
5.1). To prove the integral inequalities, we use a new volume comparison (see Proposition
2.6) instead of a weak volume comparison considered by Li [34] on manifolds.
There have been various Liouville type results for f -harmonic functions under different
conditions. The reader can refer to Brighton [1], Cao and Zhou [6], Ge and Zhang [22], Hua,
Liu and Xia [27], Munteanu and Wang [44, 45], Petersen and Wylie [49, 50], Pigola, Rimoldi
and Setti [51], Wei and Wylie [53], Wu [54], Wu and Wu [55, 56] and references therein.
On a complete Riemannian manifold (M, g) coupled with f ∈ C∞(M), a natural gener-
alization of (f -)harmonic function is a ancient (f -)caloric function. Here, ancient f -caloric
functions mean that smooth solutions u(x, t), defined onM×(−∞, 0], to the f -heat equation
(∆f − ∂t)u = 0.
When the scalar curvature of shrinking Ricci soliton has at least quadratic decay, we prove
that the space of ancient caloric functions with polynomial growth of degree at most d
(denoted by Pd(M)) is finite dimensional. Moveover, for any complete gradient shrinking
Ricci soliton (M, g, f) without any curvature assumption, we also prove that the space of
f -ancient caloric functions with polynomial growth of degree at most d (denoted by Pfd (M))
is finite dimensional. In particular, when d < 1, we prove Pfd (M) is one-dimensional. The
proof of these caloric results mainly depend on a recent result of Colding and Minicozzi [18]
and the gradient estimate technique [52, 54]. For these results, see Section 6 for details.
The rest of the paper is organized as follows. In Section 2, we recall some properties of
gradient shrinking Ricci solitons. In particular, we obtain a weighted Laplacian comparison
and a new volume comparison. In Section 3, we prove local mean value type inequalities for
harmonic functions and certain Schro¨dinger equations on gradient shrinking Ricci solitons.
In Section 4, following the Li’s proof idea in [34], we apply the mean value type inequality
for harmonic functions to prove Theorem 1.2. In Section 5, similar to the discussion of
Section 4, we apply the mean value type inequality for certain Schro¨dinger functions to
prove Theorem 1.5. In Section 6, we mainly prove that caloric function spaces Pd(M) and
Pfd (M) are both finite dimensional.
Acknowledgement. The authors thank Ruixuan Li for helpful discussions. The first
author thanks the hospitality of Shanghai Center for Mathematical Sciences, where part of
the work was done. The first author was partially supported by NSFS (17ZR1412800) and
NSFC (11671141). The second author was partially supported by NSFC (11701093).
2. Preliminaries
In this section, we summarize some basic facts about gradient shrinking Ricci solitons,
which will be repeatedly used in the proof of our theorems. In particular, we give a weighted
Laplacian comparison and a new volume comparison. For more results about Ricci solitons,
see [5], [12] and references therein for nice surveys.
Recall that a complete gradient shrinking Ricci soliton (M, g, f) is a complete Riemannian
manifold (M, g) together with a smooth weight function f : M → R satisfying (1.1) and
it can be regarded as the natural extension of Einstein manifold. Gradient shrinking Ricci
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solitons play an important role in the Ricci flow [23] as they correspond to self-similar
solutions, and often arise as Type I singularity models.
From (1.1), Hamilton observed that
R + ∆f =
n
2
,
where R is the scalar curvature of (M, g), and
(2.1) C(g) := R + |∇f |2 − (f + c)
is a finite constant, where c ∈ R is a free parameter. Ordinarily, c is chosen to be zero in
many literatures, e.g. [6], [12]. Combining the above equations, we get
(2.2) 2∆f − |∇f |2 + R+ (f + c)− n = −C(g).
By Chen’s work (see Proposition 2.2 in [9]), the scalar curvature R of gradient shrinking
Ricci soliton is nonnegative. Moreover, by Theorem 3 in [51], the scalar curvature R is
strictly positive, unless (M, g, f) is the Gaussian shrinking Ricci soliton (Rn, gE,
|x|2
4
).
By Cao-Zhou [6], the potential function f of gradient shrinking Ricci soliton is uniformly
equivalent to the distance function squared. Precisely, we have the following sharp estimate
originally due to Cao-Zhou [6] and later improved by Haslhofer-Mu¨ller [25].
Lemma 2.1. Let (M, g, f) be an n-dimensional complete non-compact gradient shrinking
Ricci soliton satisfying (1.1) and (2.1). Then there exists a point p0 ∈ M where f attains
its infimum (may be not unique). Moreover, f satisfies
1
4
[
(r(x, p0)− 5n)+
]2 ≤ f(x) + c + C(g) ≤ 1
4
(
r(x, p0) +
√
2n
)2
,
where r(x, p0) is a distance function from p0 to x, and a+ = max{a, 0} for a ∈ R.
Remark 2.2. On an n-dimensional complete non-compact gradient shrinking Ricci soliton
which satisfies both (1.1) and (1.2), for any point p ∈M (maybe not a infimun point of f),
by Theorem 1.1 of Cao-Zhou [6] and later refined by Chow et al. [12], we have
1
4
[(
r(x, p)− 2
√
f(p)− 4n + 4
3
)
+
]2
≤ f(x) ≤ 1
4
(
r(x, p) + 2
√
f(p)
)2
for any x ∈M .
From Lemma 2.1 and (2.1), we immediately get
0 ≤ R(x) ≤ 1
4
(
r(x, p0) +
√
2n
)2
on complete non-compact gradient shrinking Ricci solitons. However, it remains an inter-
esting question whether R(x) is bounded from above by a constant.
By a Cao-Zhou’s result [6], and the Munteanu’s improvement [43] (see also Haslhofer-
Mu¨ller [25]), we have
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Lemma 2.3. Let (M, g, f) be an n-dimensional complete non-compact gradient shrinking
Ricci soliton with p0 ∈ M as in Lemma 2.1. There exists a constant C(n) depending on n
such that
Vp0(r) ≤ C(n)rn
for all r ≥ 0, where Vp0(r) denotes the volume of the geodesic ball Bp0(r).
Using this lemma, we can obtain the volume growth at any point. This result can be
regarded as an analog of the Bishop’s theorem for Riemannian manifolds with nonnegative
Ricci curvature.
Proposition 2.4. Let (M, g, f) be an n-dimensional complete non-compact gradient shrink-
ing Ricci soliton with p0 ∈M as in Lemma 2.1. For any point p ∈ M , there exists a constant
C(n) depending on n such that
Vp(r) ≤ C(n)rn
for all r ≥ r(p, p0).
Proof of Proposition 2.4. For any point p ∈M and r > 0,
(2.3) Bp(r) ⊂ Bp0(r + r(p, p0)),
where p0 ∈ M is a point such that f attains its infimum. By Lemma 2.3, there exists a
constant C(n) such that
Vp0(r + r(p, p0)) ≤ C(n)(r + r(p, p0))n
for all r. Letting r ≥ r(p, p0), then
Vp0(r + r(p, p0)) ≤ 2nC(n)rn.
Combining this with (2.3) gives
Vp(r) ≤ 2nC(n)rn
for all r ≥ r(p, p0). The conclusion follows. 
Recall that on an n-dimensional complete Riemannian manifold (M, g), the Perelman’s
W-entropy functional [48] is defined as
W(g, f˜ , τ) :=
∫
M
[
τ
(
|∇f˜ |2 + R
)
+ f˜ − n
]
(4πτ)−n/2e−f˜dv
for some f˜ ∈ C∞(M) and τ > 0, provided this entropy functional is finite, and the Perel-
man’s µ-entropy functional [48] is defined as
µ(g, τ) := inf
{
W(g, f˜ , τ)
∣∣∣f˜ ∈ C∞0 (M) with ∫
M
(4πτ)−n/2e−f˜dv = 1
}
.
In general, the minimizer function of µ(g, τ) may not exist on a noncompact manifold. How-
ever, by the Carrillo-Ni’s argument [7] (see also [25]), on complete (possible non-compact)
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gradient shrinking Ricci soliton (M, g, f), we know that function f +c is always a minimizer
of µ(g, 1). Therefore,
µ(g, 1) =W(g, f + c, 1) :=
∫
M
(
|∇f |2 + R+ (f + c)− n
)
(4π)−n/2e−(f+c)dv
=
∫
M
(
2∆f − |∇f |2 + R+ (f + c)− n
)
(4π)−n/2e−(f+c)dv
= −C(g),
where c is a constant such that
∫
M
(4π)−n/2e−(f+c)dv = 1. Here in the last equality, we used
(2.2). Notice that the above integral formulas always hold due to Lemma 2.1 (see [25] for
the detail explanation). Hence
R + |∇f |2 − (f + c) = −µ(g, 1)
with ∫
M
(4π)−n/2e−(f+c)dv = 1.
If we let c = µ(g, 1), then we get (1.2) in the introduction.
On complete gradient shrinking Ricci soliton, there exists the following weighted Laplacian
comparison, which will be used in Section 5.
Proposition 2.5. Let (M, g, f) be an n-dimensional complete non-compact gradient shrink-
ing Ricci soliton satisfying (1.1) and (1.2). Let γ be a minimizing normal geodesic in M
with p = γ(0) and x = γ(r). Then
∆f r(p, x) ≤ −r
2
+ 3
√
f(p) + 4n− 4
3
for all r ≥ 2
√
f(p) + 4n− 4
3
. In particular, we have
∆f r(p, x) ≤ 0
for all r ≥ 6√f(p) + 8n− 8
3
.
Proof of Proposition 2.5. We adapt Wei-Wylie’s argument [53] to prove the result. For any
point p ∈ M , let γ be the minimizing normal geodesic from p to x ∈M such that γ(0) = p
and γ(r) = x. Let r(x) := d(x, p) be a distance function from p to x, which defines a
Lipschitz function on M , smooth except on the cut locus of p. It also satisfies |∇r| = 1
where it is smooth.
Applying the Bochner formula to the distance function r(x) and using the fact |∇r| = 1,
0 =
1
2
∆|∇r|2 = |Hess r|2 + ∂
∂r
(∆ r) + Ric (∇r,∇r)
outside the cut locus of p. Here, Hess r is the second fundamental form of the geodesic
sphere Sp(r) and ∆ r is the mean curvature m(r) of Sp(r) in the outer normal direction. Let
λ1, . . . , λn be the eigenvalues of Hess r. Without loss of generality, we may assume λ1 = 0,
because the exponential function is a radial isometry. By the Cauchy-Schwarz inequality,
we have
|Hess r|2 = λ22 + . . .+ λ2n ≥
(λ2 + . . .+ λn)
2
n− 1 =
[tr(Hess r)]2
n− 1 =
(∆r)2
n− 1 .
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Therefore, we obtain a Riccati inequality
m′(r) +
1
n− 1m
2(r) + Ric (∇r,∇r) ≤ 0
along the minimizing normal geodesic γ. As in [46], multiplying the above inequality by r2
and integrating from 0 to t > 0, we have
(2.4)
∫ t
0
m′(r)r2dr +
1
n− 1
∫ t
0
m2(r)r2dr +
1
2
∫ t
0
r2dr ≤
∫ t
0
f ′′(r)r2dr,
where we used (1.1) and
f ′′(r) := Hess f (∇r,∇r) = d
2
dr2
(f ◦ γ)(r).
Integrating the first and the last terms in (2.4) by parts and rearranging terms, we get
m(t)t2 +
1
n− 1
∫ t
0
(
m(r)r − (n− 1)
)2
dr ≤ (n− 1)t− t
3
6
+ t2f ′(t)− 2
∫ t
0
f ′(r)rdr.
Since the second term above is non-negative, we discard this term and the above inequality
becomes
(2.5) mf (t) ≤ n− 1
t
− t
6
− 2
t2
∫ t
0
sf ′(s)ds,
where mf (t) is the weighted mean curvature defined by mf(t) := m(t) − f ′(t). Integrating
the last term by parts yields
(2.6) mf (t) ≤ n− 1
t
− t
6
− 2
t
f(t) +
2
t2
∫ t
0
f(s)ds.
By Remark 2.2, on a complete non-compact gradient shrinking Ricci soliton with (1.1) and
(1.2), we have the estimate of f :
1
4
[(
r(x, p)− 2
√
f(p)− 4n + 4
3
)
+
]2
≤ f(x) ≤ 1
4
(
r(x, p) + 2
√
f(p)
)2
for any x ∈M . Substituting this into (2.6) yields
mf(r) ≤ n− 1
r
− r
6
− 1
2r
[(
r − 2
√
f(p)− 4n+ 4
3
)
+
]2
+
1
2r2
∫ r
0
(
s+ 2
√
f(p)
)2
ds
for any r > 0. Now we choose r ≥ 2√f(p) + 4n − 4
3
, and integrate the last term in the
above inequality. We finally conclude that
mf (r) ≤ −r
2
+ 3
√
f(p) + 4n− 4
3
for all r ≥ 2√f(p) + 4n− 4
3
. Then the result follows, since mf (r) = ∆f r. 
On a complete non-compact gradient shrinking Ricci soliton, Cao and Zhou [6] proved an
interesting weak volume comparison for sub-level balls. We observe that there exists a new
volume comparison for geodesic balls, which will be important for the proof of Lemma 4.3
in Section 4.
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Proposition 2.6. Let (M, g, f) be an n-dimensional complete non-compact gradient shrink-
ing Ricci soliton satisfying (1.1) with p0 ∈M as in Lemma 2.1. For any point p ∈M ,
Vp(R2)− Vp(R1) ≤ 1
n
e
n
2
(
1.1R2
n − 0.9R1n
)
for any R2 ≥ R1 ≥ ( n
√
1.1− 1)−1 r(p, p0).
Remark 2.7. The constants 1.1 and 0.9 in Proposition 2.6 are not unique. Indeed, number
1.1 can be replaced by any slightly bigger number than 1, and number 0.9 can be replaced
by any slightly smaller number than 1; at this time R2 ≥ R1 are chosen much bigger than
the previous case.
Proof of Proposition 2.6. We use the same notations as in Proposition 2.5. For a point
p0 ∈ M where f attains its infimum, in geodesic polar coordinates, the volume element is
written as
dv |expp0 (rθ)= A(p0, r, θ)dr ∧ dθ
n−1,
where dθn−1 is the standard volume element of the unit sphere Sn−1 in Tp0M . Following the
proof trick of Theorem 2.2 in [46], from (2.5), by using Lemma 2.1, we finally obtain
A(p0, r) ≤ ef(p0)rn−1 ≤ en2 rn−1
for all r > 0, since f(p0) ≤ n2 . Integrating this from r1(≥ 0) to r2(≥ r1) with respect to the
r-variable,
(2.7) Vp0(r2)− Vp0(r1) ≤
1
n
e
n
2 (rn2 − rn1 ).
On the other hand, for any point p ∈M and R2 ≥ R1 ≥ r(p, p0), we observe that
Vp(R2) ≤ Vp0(R2 + r(p, p0))
and
Vp(R1) ≥ Vp0(R1 − r(p, p0)).
Therefore,
(2.8)
Vp(R2)− Vp(R1) ≤ Vp0(R2 + r(p, p0))− Vp0(R1 − r(p, p0))
≤ 1
n
e
n
2
[(
R2 + r(p, p0)
)n − (R1 − r(p, p0))n] ,
where we used (2.7) in the second inequality above. Now we choose R2 and R1 sufficiently
large such that
R2 ≥ R1 ≥ ( n
√
1.1− 1)−1 r(p, p0),
which implies that
R2 + r(p, p0) ≤ n
√
1.1R2
and
R1 − r(p, p0) ≥ (2− n
√
1.1)R1 ≥ n
√
0.9R1.
Substituting two above estimates into (2.8) proves the result. 
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3. Mean value type inequality
Recently, Li and Wang [41] applied the Perelman’s entropy functional on gradient shrink-
ing Ricci solitons and the Markov semigroup technique of Davies [20] to obtain a local
Sobolev inequality on gradient shrinking Ricci solitons without any curvature condition.
Lemma 3.1 (Li-Wang [41]). Let (M, g, f) be an n-dimensional complete gradient shrinking
Ricci soliton satisfying (1.1) and (1.2). Then for each compactly supported locally Lipschitz
function u with supported in Bp(r), where p ∈M and r > 0,
(3.1)
(∫
Bp(r)
u
2n
n−2 dv
)n−2
n
≤ C(n)e− 2µn
∫
Bp(r)
(
4|∇u|2 + R u2) dv
for some constant C(n) depending only on n, where µ := µ(g, 1) is the entropy functional
of Perelman, and R is the scalar curvature of (M, g, f).
The appearance of the Sobolev inequality (3.1) is similar to the classical Sobolev inequality
on compact manifolds. Notice that by Li-Li-Wang’s work (see Lemma 2.5 in [32]), we observe
(4π)
n
2 e−2
4n+7 ≤ Vp0(1)
eµ
≤ (4π)n2 en,
which means that constant eµ is almost equivalent to the volume of unit ball Bp0(1) on
gradient shrinking Ricci soliton (M, g, f). Here p0 ∈ M is a point where f attains its
infimum.
Using Lemma 3.1, we can get a local mean value type inequality for the heat equation on
gradient shrinking Ricci solitons by a tedious Moser iteration, which is an important step
to prove Theorem 1.2.
Theorem 3.2. Let (M, g, f) be an n-dimensional complete gradient shrinking Ricci soliton
satisfying (1.1) and (1.2). Assume there exists a nonnegative constant c0 such that
R(x) ≤ c0
r2(x, o)
,
where r(x, o) is the geodesic distance function to a fixed point o ∈ M . Fix 0 < m < ∞.
Then there exists a positive constant C(n,m) depending on n and m, such that, for any
s ∈ R, for any 0 < δ < 1, and for any smooth nonnegative solution u of
(∆− ∂t) u(x, t) ≥ 0
in the space-time cylinder Q := Bp(r)× (s− r2, s), where p ∈M and r > 2r(p, o), we have
(3.2) sup
Qδ
{um} ≤ C(n,m)(c0 + 1)
n
2
(1− δ)2+n eµ r2+n
∫
Q
um dv dt,
where Qδ := Bp(δr)× (s− δr2, s) and µ := µ(g, 1) is the Perelman’s entropy functional.
Remark 3.3. Roughly speaking, if factor rn in (3.2) may be viewed as the volume of geodesic
ball Bp(r), then this mean value type inequality is similar to the classical manifold case.
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Proof of Theorem 3.2. The proof is analogous to the argument of Proposition 2.6 in [55],
whose main trick is the Moser iteration applied to the Sobolev inequality (3.1). It is worth
mentioning that we need to carefully examine the explicit coefficients of the mean value
type inequality in terms of the Sobolev constant in (3.1).
We first confirm the case m = 2 of (3.2). The case m > 2 immediately follows by the
case m = 2. Indeed, we let v = um, where m ≥ 1. Then
(∆− ∂t)um = mum−1∆u+m(m− 1)um−2|∇u|2 −mum−1ut
≥ mum−1 (∆− ∂t) u.
This means that if u is a smooth nonnegative solution of (∆ − ∂t)u ≥ 0, then v is also a
smooth nonnegative solution of (∆− ∂t)v ≥ 0.
For any nonnegative function φ ∈ C∞0 (B), where B = Bp(r), multiplying (∆ − ∂t)u ≥ 0
by φ and integrating it over B, ∫
B
(φut +∇φ∇u)dv ≤ 0.
Letting φ = ψ2u, where ψ ∈ C∞0 (B), then∫
B
(ψ2uut + ψ
2|∇u|2)dv ≤ 2
∣∣∣∣∫
B
uψ∇u∇ψdv
∣∣∣∣
≤ 2
∫
B
|∇ψ|2u2dv + 1
2
∫
B
ψ2|∇u|2dv,
which implies that ∫
B
(2ψ2uut + |∇(ψu)|2)dv ≤ 4 ‖∇ψ‖2∞
∫
supp(ψ)
u2dv.
Multiplying both sides of the above inequality by a smooth time function λ := λ(t), which
will be determined later, and integrating by parts, we get
(3.3) ∂t
(∫
B
(λψu)2dv
)
+ λ2
∫
B
|∇(ψu)|2dv ≤ Cλ (λ‖∇ψ‖2∞ + |λ′| supψ2) ∫
supp(ψ)
u2dv,
where C is finitely constant which may change from line to line in the following inequalities.
Choose ψ and λ satisfying the following two properties:
(1) 0 ≤ ψ ≤ 1, supp(ψ) ⊂ σB, ψ = 1 in σ′B and |∇ψ| ≤ 2
κ r
;
(2) 0 ≤ λ ≤ 1, λ = 0 in (−∞, s − σr2), λ = 1 in (s − σ′r2,+∞), and |λ′(t)| ≤ 2
κ2r2
,
where 0 < σ′ < σ < 1, κ = σ − σ′.
Setting Iσ = (s− σr2, s) and integrating (3.3) over the interval (s− r2, t) with t ∈ Iσ′ , we
get
(3.4) sup
Iσ′
{∫
B
ψu2dv
}
+
∫ ∫
B×Iσ′
|∇(ψu)|2dvdt ≤ C
κ2r2
∫ ∫
Qσ
u2dvdt.
On the other hand, using the Ho¨lder inequality∫
B˜
ϕ2(1+
2
n
)dv ≤
(∫
B˜
|ϕ| 2nn−2dv
)n−2
n
(∫
B˜
ϕ2dv
) 2
n
HARMONIC AND SCHRO¨DINGER FUNCTIONS ON GRADIENT SHRINKING RICCI SOLITONS 13
for any geodesic ball B˜, and Lemma 3.1, we have that∫
B˜
ϕ2(1+
2
n
)dv ≤
(∫
B˜
ϕ2dv
) 2
n
[
C(n)e−
2µ
n
∫
B˜
(4|∇ϕ|2 + Rϕ2)dv
]
for any ϕ ∈ C∞0 (B˜). Set ϕ = u and B˜ = Bp(σ′r) in above. Then we integrate it from
s− σ′r2 to s with respect to the time variable and get that
(3.5)
∫ s
s−σ′r2
∫
Bp(σ′r)
u2(1+
2
n
)dvdt
≤ C(n)e− 2µn
(∫
Bp(σ′r)
u2dv
) 2
n
[∫ s
s−σ′r2
∫
Bp(σ′r)
(4|∇u|2 + R u2)dvdt
]
.
In the following, we shall apply (3.4) three times to carefully estimate the right hand side
of (3.5). Firstly, we observe
(3.6)
∫
Bp(σ′r)
u2dv ≤
∫
Bp(r)
ψu2dv
≤ C
κ2r2
∫ ∫
Qσ
u2dvdt,
where we used ψ ≡ 1 in Bp(σ′r), σ′ < 1, in the first inequality and used (3.4) in the second
inequality. Secondly, we similarly have
(3.7)
∫ s
s−σ′r2
∫
Bp(σ′r)
|∇u|2dvdt ≤
∫ s
s−σ′r2
∫
Bp(r)
|∇ψu|2dvdt
≤ C
κ2r2
∫ ∫
Qσ
u2dvdt.
Thirdly, since R(x) ≤ c0
r2(x,o)
, for r > 2r(p, o), then
(3.8)
∫ s
s−σ′r2
∫
Bp(σ′r)
R u2dvdt ≤ 4c0 · sup
Iσ′
{∫
Bp(σ′r)
u2dv
}
≤ 4c0 · sup
Iσ′
{∫
Bp(r)
ψu2dv
}
≤ 4c0 · C
κ2r2
∫ ∫
Qσ
u2dvdt,
where we still used the fact that ψ ≡ 1 in Bp(σ′r), σ′ < 1, and (3.4). Substituting (3.6),
(3.7) and (3.8) into (3.5) yields
(3.9)
∫ ∫
Qσ′
u2θdvdt ≤ E(B)
(
C
κ2r2
∫ ∫
Qσ
u2dvdt
)θ
with θ = 1 + 2/n, where E(B) := C(n)e−
2µ
n (c0 + 1).
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Now for any m ≥ 1, um is also a smooth nonnegative solution of (∆ − ∂t)v ≥ 0. This
implies that
(3.10)
∫ ∫
Qσ′
u2mθdvdt ≤ E(B)
(
C
κ2r2
∫ ∫
Qσ
u2mdvdt
)θ
for m ≥ 1.
Let κi = (1− δ)2−i, which obviously satisfies Σ∞1 κi = 1− δ. Let σ0 = 1, σi+1 = σi − κi =
1− Σi1κj . Applying (3.10) for m = θi, σ = σi, σ′ = σi+1, we have∫ ∫
Qσi+1
u2θ
i+1
dvdt ≤ E(B)
{
C i+1
[(
1− δ
)
r
]−2 ∫ ∫
Qσi
u2θ
i
dvdt
}θ
.
Therefore(∫ ∫
Qσi+1
u2θ
i+1
dvdt
)θ−i−1
≤ CΣjθ1−j · E(B)Σθ−j ·
[(
1− δ
)
r
]−2Σθ1−j ∫ ∫
Q
u2dvdt,
where Σ denotes the summations from 1 to i+ 1. Letting i→∞,
(3.11) sup
Qδ
{u2} ≤ C · E(B)n2 · [(1− δ)r]−2−n‖u‖22,Q.
This is regarded as a L2-mean value type inequality on a complete gradient shrinking Ricci
soliton (M, g, f). By the preceding explanation, we hence prove (3.2) when m ≥ 2.
When 0 < m < 2, we are still able to obtain (3.2). This can be proved from (3.11) by a
different iterative argument. Letting σ ∈ (0, 1) and ρ = σ + (1 − σ)/4, then (3.11) indeed
implies
sup
Qσ
{u} ≤ F (B) · (1− σ)−1−n2 ‖u‖2,Qρ,
where F (B) := C(n)e−
µ
2 (c0 + 1)
n
4 r−1−
n
2 . Using the inequality
‖u‖2,Q ≤ ‖u‖1−
m
2
∞,Q · ‖u‖
m
2
m,Q, 0 < m < 2,
for any Q, we obtain
(3.12) ‖u‖∞,Qσ ≤ G(B) · (1− σ)−1−
n
2 ‖u‖1−
m
2
∞,Qρ
,
where G(B) := F (B) · ‖u‖
m
2
m,Q.
Now fix δ ∈ (0, 1) and let σ0 = δ, σi+1 = σi+(1−σi)/4, which satisfy 1−σi = (3/4)i(1−δ).
Applying (3.12) to σ = σi and ρ = σi+1 for each i,
‖u‖∞,Qσi ≤
(
4
3
)(1+n
2
)i
G(B) · (1− δ)−1−n2 ‖u‖1−
m
2
∞,Qσi+1
.
Therefore, for any i,
‖u‖∞,Qδ ≤
(
4
3
)(1+n
2
)Σj(1−m
2
)j [
G(B) · (1− δ)−1−n2 ]Σ(1−m2 )j ‖u‖(1−m2 )i∞,Qσi ,
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where Σ denotes the summations from 0 to i− 1. Letting i→∞ we get
‖u‖∞,Qδ ≤
(
4
3
) 2−m
m2
(2+n) [
G(B) · (1− δ)−1−n2 ] 2m ,
that is,
‖u‖∞,Qδ ≤ C(n,m)(1− δ)−
2+n
m e−
µ
m (c0 + 1)
n
2m r−
2+n
m ‖u‖m,Q.
Hence we get (3.2) when 0 < m < 2 . 
Theorem 3.2 immediately implies an elliptic version of local L1-mean value type inequality
for harmonic functions on gradient shrinking Ricci solitons.
Corollary 3.4. Let (M, g, f) be an n-dimensional complete gradient shrinking Ricci soliton
satisfying (1.1) and (1.2). Assume there exists a nonnegative constant c0 such that
R(x) ≤ c0
r2(x, o)
,
where r(x, o) is the geodesic distance function to a fixed point o ∈ M . Then there exists a
constant C(n) depending only on n, such that, for any nonnegative subharmonic function u
defined on M , we have
sup
x∈Bp(
r
2
)
u(x) ≤ C(n)(c0 + 1)
n
2
eµ rn
∫
Bp(r)
u(x)dv(x)
for any point p ∈M and r > 2r(p, o) and µ := µ(g, 1) is the Perelman’s entropy functional.
The scalar curvature assumption in Theorem 3.2 could be removed if one considers a
Schro¨dinger heat equation instead of the heat equation. Indeed, we can apply Lemma 3.1 to
get a local mean value type inequality for a Schro¨dinger heat equation on gradient shrinking
Ricci solitons without any curvature assumption.
Theorem 3.5. Let (M, g, f) be an n-dimensional complete gradient shrinking Ricci soliton
satisfying (1.1) and (1.2). Fix 0 < m < ∞. Then there exists a positive constant C(n,m)
depending on n and m, such that, for any s ∈ R, for any 0 < δ < 1, and for any smooth
nonnegative solution u of
(∆− aR− ∂t)u(x, t) ≥ 0, a > 0,
in the space-time cylinder Q := Bp(r)× (s− r2, s), where p ∈M and r > 0, we have
(3.13) sup
Qδ
{um} ≤ C(n,m)(a
−1 + 1)
n
2
(1− δ)2+n eµ r2+n
∫
Q
um dv dt,
where Qδ := Bp(δr)× (s− δr2, s) and µ := µ(g, 1) is the Perelman’s entropy functional.
Proof of Theorem 3.5. The proof is analogous to the argument of Theorem 3.2. Here, we
only check the case m = 2. The other cases are similar to the proof of Theorem 3.2. Notice
that, for m ≥ 1,
(∆− aR − ∂t) um = mum−1 (∆− aR − ∂t) u+m(m− 1)um−2|∇u|2 + (m− 1)aRum
≥ mum−1 (∆− aR− ∂t)u,
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where we used R ≥ 0 in (M, g, f). This implies that if u is a smooth nonnegative solution of
(∆−aR−∂t)u ≥ 0, then v := um is also a smooth nonnegative solution of (∆−aR−∂t)v ≥ 0.
For any nonnegative space-time function φ ∈ C∞0 (B)×R, multiplying (∆−aR−∂t)u ≥ 0
by φ and integrating it over B,∫
B
(φut +∇φ∇u+ aRφu)dv ≤ 0.
Let φ = ψ2u, where ψ ∈ C∞0 (B). Then∫
B
(ψ2uut + ψ
2|∇u|2 + aRψ2u2)dv ≤ 2
∣∣∣∣∫
B
uψ∇u∇ψdv
∣∣∣∣
≤ 2
∫
B
|∇ψ|2u2dv + 1
2
∫
B
ψ2|∇u|2dv,
which implies ∫
B
(2ψ2uut + |∇(ψu)|2 + 2aRψ2u2)dv ≤ 4 ‖∇ψ‖2∞
∫
supp(ψ)
u2dv.
Multiplying both sides of the above inequality by a smooth time function λ := λ(t), which
will be determined later, and integrating by parts, we get
∂t
(∫
B
(λψu)2dv
)
+λ2
∫
B
(|∇(ψu)|2 + 2aRψ2u2) dv
≤ Cλ
(
λ‖∇ψ‖2∞ + |λ′| supψ2
)∫
supp(ψ)
u2dv.
Following the proof of Theorem 3.2, we choose ψ and λ satisfying two properties:
(1) 0 ≤ ψ ≤ 1, supp(ψ) ⊂ σB, ψ = 1 in σ′B and |∇ψ| ≤ 2
κ r
;
(2) 0 ≤ λ ≤ 1, λ = 0 in (−∞, s − σr2), λ = 1 in (s − σ′r2,+∞), and |λ′(t)| ≤ 2
κ2r2
,
where 0 < σ′ < σ < 1, κ = σ − σ′.
Setting Iσ = (s− σr2, s) and integrating the above inequality over the interval (s− r2, t)
with t ∈ Iσ′ , we have
(3.14) sup
Iσ′
{∫
B
ψu2dv
}
+
∫ ∫
B×Iσ′
(|∇(ψu)|2 + 2aRψ2u2) dvdt ≤ C
κ2r2
∫ ∫
Qσ
u2dvdt.
On the other hand, by the Ho¨lder inequality and Lemma 3.1, for any ϕ ∈ C∞0 (B˜), where
B˜ ⊂M , we have
∫
B˜
ϕ2(1+
2
n
)dv ≤
(∫
B˜
ϕ2dv
) 2
n
[
C(n)e−
2µ
n
∫
B˜
(4|∇ϕ|2 + Rϕ2)dv
]
.
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Set ϕ = u and B˜ = Bp(σ
′r) in above. Then we integrate it from s− σ′r2 to s with respect
to the time variable and get that
(3.15)
∫ s
s−σ′r2
∫
Bp(σ′r)
u2(1+
2
n
)dvdt
≤ C(n)e− 2µn
(∫
Bp(σ′r)
u2dv
) 2
n
[∫ s
s−σ′r2
∫
Bp(σ′r)
(4|∇u|2 + R u2)dvdt
]
.
In the following, we will estimate each term of the right hand side of (3.15) by using (3.14).
First, (3.14) obviously implies∫
Bp(σ′r)
u2dv ≤
∫
Bp(r)
ψu2dv
≤ C
κ2r2
∫ ∫
Qσ
u2dvdt.
Second, we apply (3.14) to get that∫ s
s−σ′r2
∫
Bp(σ′r)
|∇u|2dvdt ≤
∫ s
s−σ′r2
∫
Bp(r)
|∇ψu|2dvdt
≤ C
κ2r2
∫ ∫
Qσ
u2dvdt.
Thirdly, we apply (3.14) to estimate that∫ s
s−σ′r2
∫
Bp(σ′r)
R u2dvdt ≤
∫ s
s−σ′r2
∫
Bp(r)
R (ψu)2dvdt
≤ Ca
−1
κ2r2
∫ ∫
Qσ
u2dvdt.
Substituting the above three inequalities into (3.15) gives∫ ∫
Qσ′
u2(1+2/n)dvdt ≤ C(n)e− 2µn (a−1 + 1)
(
C
κ2r2
∫ ∫
Qσ
u2dvdt
)1+2/n
.
This inequality is nearly the same as the key inequality (3.9), appeared in the proof of The-
orem 3.2. Following the preceding argument, we apply the same Moser’s iteration argument
to prove (3.13). 
Theorem 3.5 gives a local L1-mean value type inequality for a Schro¨dinger equation on
gradient shrinking Ricci solitons without any curvature condition, which is prepared for
proving Theorem 1.5.
Corollary 3.6. Let (M, g, f) be an n-dimensional complete gradient shrinking Ricci soliton
satisfying (1.1) and (1.2). Then there exists a constant C(n) depending only on n, such
that, for any nonnegative solution u of
(∆− aR)u(x) ≥ 0, a > 0,
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on M , we have
sup
x∈Bp(
r
2
)
u(x) ≤ C(n)(a
−1 + 1)
n
2
eµ rn
∫
Bp(r)
u(x)dv(x)
for any point p ∈M and r > 0, where µ := µ(g, 1) is the Perelman’s entropy functional.
4. Proof of Theorem 1.2
In this section we will use a similar argument of [34] to prove Theorem 1.2. We first recall
an important lemma due to P. Li [34], whose proof only involves some basic propositions
about matrices.
Lemma 4.1 (Li [34]). Let (M, g) be an n-dimensional manifold satisfying its volume growth
at most of order rτ for some constant τ ≥ 0 and let K be a nonzero k-dimensional (k <∞)
subspace of Hd(M). For any β > 1, δ > 0, and r0 > 0, there exists r > r0 such that
k∑
i=1
∫
Bp(r)
u2i dv ≥ k · β−(2d+τ+δ),
where {ui}ki=1 is an orthonormal basis of K with respect to the following inner product
Aβr(u, v) =
∫
Bp(βr)
uv dv.
Remark 4.2. The conclusion of the lemma is still true if the linear space Hd(M) is replaced
by Hd(a,M).
Using Proposition 2.4, Proposition 2.6 and Corollary 3.4, we give another important
preparation for proving Theorem 1.2. We would like to point out that some part of proof is
different from the Li’s argument [34] due to the lack of volume comparison of manifolds.
Lemma 4.3. Let (M, g, f) be an n-dimensional complete non-compact gradient shrinking
Ricci soliton satisfying (1.1) and (1.2). Assume there exists a nonnegative constant c0 such
that
R(x) ≤ c0
r2(x, o)
,
where r(x, o) is the geodesic distance function to a fixed point o ∈ M . Let a point p0 ∈ M
where f attains its infimum, and let {ui}ki=1 be any basis of a nonzero k-dimensional (k <∞)
subspace K ⊂ Hd(M). Then for any point p ∈M , r > 2( n
√
1.1−1)−1 r(p, p0)+3r(p, o), and
any 0 < ǫ < 1
2
,
k∑
i=1
∫
Bp(r)
u2idv ≤ C(n)(c0 + 1)
n
2 e−µ ǫ1−n sup
u∈{〈A,U〉}
∫
Bp((1+ǫ)r)
u2dv
for some constant C(n) depending only on n, where
〈A,U〉 :=
{∑
i
aiui|
∑
i
a2i = 1
}
for some unit vector A = (a1, . . . , ak) ∈ Rk with U = (u1, . . . , uk), and µ := µ(g, 1) is the
Perelman’s entropy functional.
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Proof of Lemma 4.3. We will apply Li’s proof trick. For any x ∈ Bp(r), let
Kx = {u ∈ K|u(x) = 0}.
Then subspace Kx ⊂ K is of at most codimension one. By an orthonormal change of basis,
we may assume ui ∈ Kx, 2 ≤ i ≤ k and
∑k
i=1 u
2
i (x) = u
2
1(x). Since ∆u
2
1 ≥ 0, by Corollary
3.4, for any 0 < ǫ < 1
2
and r > 3r(p, o),
k∑
i=1
u2i (x) = u
2
1(x)
≤ C(n)(c0 + 1)
n
2
eµ
[
(1 + ǫ)r − ρ(x)]n
∫
Bx((1+ǫ)r−ρ(x))
u21(y)dv(y)
≤ C(n)(c0 + 1)
n
2 n
eµ rn
[
1 + ǫ− r−1ρ(x)]n supu∈{〈A,U〉}
∫
Bp((1+ǫ)r)
u2dv,
where ρ(x) is the distance function from p to x. Integrating over Bp(r) yields
(4.1)
k∑
i=1
∫
Bp(r)
u2idv ≤
C(n)(c0 + 1)
n
2
eµ rn
sup
u∈{〈A,U〉}
∫
Bp((1+ǫ)r)
u2dv
×
∫
Bp(r)
[
1 + ǫ− r−1ρ(x)]−ndv(x).
If we define h(t) := (1 + ǫ− r−1t)−n, then
h′(t) = nr−1(1 + ǫ− r−1t)−n−1 ≥ 0
and
(4.2)
∫
Bp(r)
[
1 + ǫ− r−1ρ(x)]−ndv(x) = ∫ r
0
Ap(t)h(t)dt,
where Ap(t) := Area(∂Bp(t)) satisfies V
′
p(t) = Ap(t) almost everywhere.
In the following, we will apply the monotonic property of h(t) and Proposition 2.6 to give
a delicate upper estimate for ∫ r
0
Ap(t)h(t)dt.
Let α = 21/q for some sufficiently large positive number q such that α ≤ 1 + ǫ/2. Then
(4.3)
∫ r
0
Ap(t)h(t)dt =
∫ r
2
0
Ap(t)h(t)dt+
q−1∑
i=0
∫ αi+1 r
2
αi r
2
Ap(t)h(t)dt
≤ h
(r
2
)
· Vp(r) +
q−1∑
i=0
[
h
(
αi+1
r
2
)∫ αi+1 r
2
αi r
2
Ap(t)dt
]
≤
(
1
2
+ ǫ
)−n
Vp(r) +
q−1∑
i=0
[
h
(
αi+1
r
2
)∫ αi+1 r
2
αi r
2
Ap(t)dt
]
≤ 2nVp(r) +
q−1∑
i=0
[(
1+ ǫ− α
i+1
2
)−n (
Vp
(
αi+1
r
2
)
− Vp
(
αi
r
2
))]
.
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Observe that, in Proposition 2.6 if we let
R2 = α
i+1 r
2
and R1 = α
i r
2
,
where 0 ≤ i ≤ q − 1 and r ≥ 2( n√1.1− 1)−1 r(p, p0) + 3r(p, o), then
Vp
(
αi+1
r
2
)
− Vp
(
αi
r
2
)
≤ 1
n
e
n
2
[
1.1
(
αi+1
r
2
)n
− 0.9
(
αi
r
2
)n]
≤ 1
n
e
n
2
(
αi
r
2
)n
(1.1αn − 0.9)
≤ 1
n
e
n
2 rn (2αn − 1),
where we used αi < 2 for each 0 ≤ i ≤ q−1 in the above second inequality and 1.1αn−0.9 <
2αn − 1 in the above third inequality since α > 1. Using this volume estimate, (4.3) can be
reduced to
(4.4)
∫ r
0
Ap(t)h(t)dt ≤ 2nVp(r) + 1
n
e
n
2 rn (2αn − 1)
q−1∑
i=0
(
1 + ǫ− α
i+1
2
)−n
≤ C(n) rn
[
1 +
q−1∑
i=0
(
1 + ǫ− (1 + ǫ/2)α
i
2
)−n]
,
where we used α ≤ 1 + ǫ/2, 2αn − 1 ≤ 2n+1 and Vp(r) ≤ C(n)rn for all r > r(p, p0) due to
Proposition 2.4. Notice that the definition of integration gives that
q−1∑
i=0
(
1 + ǫ− (1 + ǫ/2)α
i
2
)−n
≤
∫ 2
1
(
(1 + ǫ)− 1
2
(1 + ǫ/2)t
)−n
dt
≤ 2
n− 1 ·
( ǫ
2
)1−n
.
Substituting this into (4.4), we have∫ r
0
Ap(t)h(t)dt ≤ C(n) rn
(
1 +
2n
n− 1ǫ
1−n
)
≤ 2C(n) rnǫ1−n,
since 0< ǫ < 1/2. Combining this with (4.2) and (4.1) proves the lemma. 
Now we give a explicit estimate for the dimension of Hd(M) by combining Corollary 3.4,
Lemmas 4.1 and 4.3.
Proof of Theorem 1.2. As in Li’s proof strategy [34], let K be any nonzero k-dimensional
subspace K ⊂ Hd(M). To prove the theorem, it suffices to estimate k. On (M, g, f), by
Proposition 2.4, for any point p ∈M ,
Vp(r) ≤ C(n)rn
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for all r ≥ r(p, p0), where p0 ∈ M such that f attains its infimum. Using this, by Lemma
4.1, for any δ > 0, β > 1, letting r0 = r(p, p0), there exists r > r0 such that
(4.5)
k∑
i=1
∫
Bp(r)
u2i dv ≥ k · β−(2d+n+δ),
where {ui}ki=1 is an orthonormal basis of K ⊂ Hd(M) with respect to the inner product
Aβr(u, v) =
∫
Bp(βr)
uv dv.
We first apply (4.5) to give a rough upper estimate for k when d ≥ 0. Since function∑k
i=1 u
2
i (x) is subharmonic, by the maximum principle, there exists a point q ∈ ∂Bp(r),
where r > r0 = r(p, p0), such that
k∑
i=1
u2i (x) ≤
k∑
i=1
u2i (q)
for all x ∈ Bp(r). Clearly, we can find a k × k orthogonal matrix (aij) such that functions
vi(x) =
∑k
j=1 aijuj satisfy v
2
1(q) =
∑k
i=1 u
2
i (q) and vj(q) = 0 for 2 ≤ j ≤ k. So
k∑
i=1
u2i (x) ≤ v21(q).
Integrating it over the ball Bp(r),
(4.6)
k∑
i=1
∫
Bp(r)
u2i (x) dv(x) ≤ Vp(r)v21(q).
On the other hand, applying Corollary 3.4 to v21 and noticing Bq(r) ⊂ Bp(2r), for any
r > r(p, p0) + 2r(p, o), we get
Vp(r)v
2
1(q) ≤ Vp(r)C(n)
(c0 + 1)
n
2
eµ rn
∫
Bq(r)
v21(y)dv(y)
≤ Vp(r)C(n)(c0 + 1)
n
2
eµ rn
∫
Bp(2r)
v21(y)dv(y)
≤ C(n)(c0 + 1)n2 e−µ
∫
Bp(2r)
v21(y)dv(y),
where we used Proposition 2.4 in the last inequality. Combining this with (4.6) and (4.5)
for β = 2, since
∫
Bp(2r)
v21(y)dv(y) = 1, we have
k · 2−(2d+n+δ) ≤ C(n)(c0 + 1)n2 e−µ.
Noticing that δ > 0 is arbitrary, hence
k ≤ C(n)(c0 + 1)n2 e−µ 4d.
Since the subspace K is arbitrary, the first estimate of Theorem 1.2 follows.
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Next, we will prove the second precise estimate of Theorem 1.2. Letting β = 1 + ǫ in
Lemma 4.3,
k∑
i=1
∫
Bp(r)
u2i dv ≤ C(n)(c0 + 1)
n
2 e−µ ǫ1−n
for all r ≥ 2( n√1.1−1)−1 r(p, p0)+3r(p, o), because
∫
Bp((1+ǫ)r)
u2dv = 1 for all u ∈ {〈A,U〉},
where {ui}ki=1 is an orthonormal basis of K ⊂ Hd(M) with respect to the inner product
Aβr(u, v) =
∫
Bp(βr)
uv dv. Combining this with (4.5), for d ≥ 1, setting ǫ = 1
2d
and letting
δ → 0, we get
k ≤ C(n)
(
1 +
1
2d
)(2d+n+δ) (
1
2d
)(1−n)
(c0 + 1)
n
2 e−µ
≤ C(n)(c0 + 1)n2 e−µ dn−1,
because (1+ 1
2d
)(2d+n+δ) is bounded above. Since the k-dimensional subspace K is arbitrary,
the second estimate of Theorem 1.2 follows. 
5. Proof of Theorem 1.5
In this section, using the same argument of Section 4, we will prove Theorem 1.5. To
achieve it, We first apply Propositions 2.4, 2.6 and Corollary 3.6 to give a similar result of
Lemma 4.3. The novelty part is that there are no assumption on scalar curvature.
Lemma 5.1. Let (M, g, f) be an n-dimensional complete non-compact gradient shrinking
Ricci soliton satisfying (1.1) and (1.2). Let a point p0 ∈ M where f attains its infimum,
and let {ui}ki=1 be any basis of a nonzero k-dimensional (k < ∞) subspace K ⊂ Hd(a,M).
Then for any point p ∈M , r ≥ 2( n√1.1− 1)−1 r(p, p0), and any 0 < ǫ < 12 ,
k∑
i=1
∫
Bp(r)
u2idv ≤ C(n)(a−1 + 1)
n
2 e−µ ǫ1−n sup
u∈{〈A,U〉}
∫
Bp((1+ǫ)r)
u2dv
for some constant C(n) depending on n, where
〈A,U〉 :=
{∑
i
aiui|
∑
i
a2i = 1
}
for some unit vector A = (a1, . . . , ak) ∈ Rk with U = (u1, . . . , uk), and µ := µ(g, 1) is the
Perelman’s entropy functional.
Proof of Lemma 5.1. We essentially follow the proof trick of Lemma 4.3, and the difference
is that we now deal with space Hd(a,M) here. For any x ∈ Bp(r), let
Kx = {u ∈ K|u(x) = 0},
then it is at most codimension one of K. By an orthonormal change of basis, we assume
ui ∈ Kx, 2 ≤ i ≤ k and
∑k
i=1 u
2
i (x) = u
2
1(x). Since
(∆− aR)u21 = aRu21 + 2|∇u1|2 ≥ 0,
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by Corollary 3.6, we have
k∑
i=1
u2i (x) = u
2
1(x)
≤ C(n)(a
−1 + 1)
n
2
eµ
[
(1 + ǫ)r − ρ(x)]n
∫
Bx((1+ǫ)r−ρ(x))
u21(y)dv(y)
≤ C(n)(a
−1 + 1)
n
2 n
eµ rn
[
1 + ǫ− r−1ρ(x)]n supu∈{〈A,U〉}
∫
Bp((1+ǫ)r)
u2dv
for any 0 < ǫ < 1
2
, where ρ(x) is the distance function from p to x. Integrating over Bp(r)
yields
(5.1)
k∑
i=1
∫
Bp(r)
u2idv ≤
C(n)(a−1 + 1)
n
2
eµ rn
sup
u∈{〈A,U〉}
∫
Bp((1+ǫ)r)
u2dv
×
∫
Bp(r)
[
1 + ǫ− r−1ρ(x)]−ndv(x).
Recall that, in the course of proving Lemma 4.3 in Section 4, we have used Propositions 2.4
and 2.6 to prove the estimate∫
Bp(r)
[
1 + ǫ− r−1ρ(x)]−ndv(x) ≤ C(n) rnǫ1−n
for any r ≥ 2( n√1.1 − 1)−1 r(p, p0), where C(n) is a constant depending only on n. Substi-
tuting this into the above inequality gives the desired estimate. 
Then we use Lemma 5.1, Lemma 4.1 and Corollary 3.6 to give a explicit estimate for the
dimension of Hd(a,M).
Proof of Theorem 1.5. The proof procedure is the same as the case of Theorem 1.2 in Section
4. We omit the details here. In fact, Lemma 4.1 is also true for the spaceHd(a,M). Then we
can apply Corollary 3.6, Lemma 5.1 instead of Corollary 3.4, Lemma 4.3 to prove Theorem
1.5. Use the same notations in Section 4. We would like to point out that for an orthogonal
basis {ui}ki=1 of K ⊂ Hd(a,M) with respect to the inner product Aβr(u, v) =
∫
Bp(βr)
uv dv,
β > 1, we have
(∆− aR)
k∑
i=1
u2i (x) ≥ 0.
So
∑k
i=1 u
2
i (x) is subharmonic and the maximum principle still holds on Bp(r). 
6. Polynomial growth ancient caloric functions
As we all known, a natural generalization of the (f -)harmonic function is a ancient solu-
tion, defined on all negative time, with polynomial growth of the (f -)heat equation. In this
section, we will generalize the preceding results to the caloric function setting.
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For an n-dimensional complete Riemannian manifold (M, g) and a smooth potential func-
tion f onM , a space-time function u(x, t) is called f -caloric function if it satisfies the f -heat
equation
(∆f − ∂t)u = 0.
For a nonnegative constant d, in this paper, we denote by Pfd (M) the linear space of all
ancient f -caloric functions with polynomial growth of degree at most d satisfying that there
exist some point p ∈M and a constant C(u) depending on u,
sup
Bp(r)×[−r2,0]
|u| ≤ C(u)(1 + r)d
for all sufficiently large r. When f is constant, Pfd (M) is simply written by Pd(M), and it
returns to the ordinary linear space of ancient caloric functions with polynomial growth of
degree at most d.
In [3, 4], Calle initiated the study of dimension bounds for Pd(M), which plays an im-
portant role in understanding the higher codimension mean curvature flow [19]. When
n-dimensional manifold (M, g) has nonnegative Ricci curvature, Souplet and Zhang used
the gradient estimate technique to prove that
dimPd(M) = 1
for all d < 1 (see Theorem 1.2 (b) in [52]). For each d ≥ 1, Lin and Zhang [42] proved that
dimPd(M) ≤ C(n)dn+1
for some constant C(n) depending only on n. Based on an important fact that ancient
caloric functions of polynomial growth are polynomials in time (Theorem 1.2 (b) in [42]),
Colding and Minicozzi [18] improved Lin-Zhang’s estimate
dimPd(M) ≤ C(n)dn
for all d ≥ 1. Notice that the above power n is sharp because dimPd(Rn) ∼ C(n)dn as
d → ∞. Recently, Colding and Minicozzi [19] developed some new technique and gave a
sharp bound for the codimension of an ancient mean curvature flow by the entropy.
In this section, we first prove a sharp dimension estimate of the space Pd(M) on a com-
plete non-compact gradient shrinking Ricci soliton when the scalar curvature is of at least
quadratic decay.
Theorem 6.1. Let (M, g, f) be an n-dimensional complete non-compact gradient shrinking
Ricci soliton satisfying (1.1) and (1.2). If there exists a nonnegative constant c0 such that
the scalar curvature
R(x) ≤ c0
r2(x, o)
,
where r(x, o) is the geodesic distance function to a fixed point o ∈M , then the dimension of
Pd(M) is finite for each d ≥ 1. Indeed, for each d ≥ 1,
dimPd(M) ≤ C(n)(c0 + 1)n2 e−µ dn
for some constant C(n) depending on n, where µ is the Perelman’s entropy functional.
Remark 6.2. The exponent n in Theorem 6.1 is sharp. Indeed, on the Gaussian shrinking
Ricci soliton (Rn, gE,
|x|2
4
), µ = 0, c0 = 0 and dimPd(Rn) ∼ C(n)dn as d→∞.
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Proof of Theorem 6.1. We shall apply Theorem 1.2 to prove Theorem 6.1. By Proposition
2.4, the volume of geodesic ball is at most Euclidian volume growth. Using this property
and a recent result of Colding and Minicozzi (see Theorem 0.3 in [18]), we immediately get
dimP2m(M) ≤ (m+ 1) dimH2m(M)
for all m ≥ 1. Combining this with Theorem 1.2 completes the proof. 
We also prove a dimension estimate of Pfd (M) on any complete non-compact gradient
shrinking Ricci soliton (M, g, f).
Theorem 6.3. Let (M, g, f) be an n-dimensional complete non-compact gradient shrinking
Ricci soliton satisfying (1.1) and (1.2). Then, for each d ≥ 1,
dimPfd (M) ≤ C(n)d
for some constant C(n) depending only on n, and for each 0 ≤ d < 1,
dimPfd (M) = 1.
The proof method of first estimate is the same as the case of Theorem 6.1, and we need to
make use of Theorem 1.1. The proof of second part is a little complicated. A key ingredient
is the following elliptic type gradient estimate without any curvature assumption, which
seems to be of independent interest in the gradient shrinking Ricci soliton.
Proposition 6.4. Let (M, g, f) be an n-dimensional complete non-compact gradient shrink-
ing Ricci soliton satisfying (1.1) and (1.2). Fix any fixed point p ∈ M and a number
R ≥ 2σ0, where constant σ0 := 6
√
f(p) + 8n− 8
3
(which is determined in Proposition 2.5).
If 0 < u(x, t) ≤ D for some constant D, is a smooth solution to f -heat equation
(∆f − ∂t)u = 0
in QR,T := Bp(R)× [t0 − T, t0] ⊂M × (−∞,∞), where t0 ∈ R and T > 0, then there exists
a constant C(n) depending only on n such that
(6.1) |∇ lnu| ≤ C(n)
(
1
R
+
1√
t− t0 + T
)(
1 + ln
D
u
)
in QR/2,T with t 6= t0 − T .
Proof of Proposition 6.4. The proof strategy comes from [54]. Since (6.1) is invariant under
the scaling u→ u/D, without loss of generality, we may assume 0 < u ≤ 1. Define
h(x, t) := ln u(x, t).
Then h(x, t) is non-positive and satisfies
(∆f − ∂t)h+ |∇h|2 = 0.
Introduce a new function ω := |∇ ln(1− h)|2. Then ω satisfies
(∆f − ∂t)ω = 2h
1− h〈∇h,∇ω〉+ 2(1− h)ω
2 + 2
Ricf(∇h,∇h)
(1− h)2
+ 2
|Hess h|2
(1− h)2 + 4
Hess h(∇h,∇h)
(1− h)3 + 2
|∇h|4
(1− h)4
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in QR,T . Since Ricf ≥ 0 and
2
|Hessh|2
(1− h)2 + 4
Hess h(∇h,∇h)
(1− h)3 + 2
|∇h|4
(1− h)4 ≥ 0,
then ω further satisfies
(6.2) (∆f − ∂t)ω ≥ 2h
1− h〈∇h,∇ω〉+ 2(1− h)ω
2
in QR,T .
In the following, we will apply the maximum principle in a local space-time set QR,T to
get the gradient estimate (6.1). To achieve it, we need to construct a space-time cut-off
function as follows. This construction is also appeared in [40] (see also [52] and [54])
Lemma 6.5. Fix t0 ∈ R and T > 0. For any τ ∈ (t0−T, t0], there exists a smooth function
ψ : [0,∞)× [t0 − T, t0]→ R satisfying the following four propositions.
(1)
0 ≤ ψ(r, t) ≤ 1
in the space-time set [0, R] × [t0 − T, t0], where the real number R > 0, which is
supported in a open subset of [0, R]× [t0 − T, t0].
(2)
ψ(r, t) = 1 and ∂rψ(r, t) = 0
in [0, R/2]× [τ, t0] and [0, R/2]× [t0 − T, t0], respectively.
(3) ∣∣∂tψ∣∣ ≤ Cψ 12
τ − (t0 − T )
in [0,∞)×[t0−T, t0] for some constant C > 0, and ψ(r, t0−T ) = 0 for all r ∈ [0,∞).
(4)
−Cǫψ
ǫ
R
≤ ∂rψ ≤ 0 and
∣∣∂2rψ∣∣ ≤ CǫψǫR2
in [0,∞)× [t0 − T, t0] for every 0 < ǫ < 1 with some constant Cǫ depending only on
ǫ.
As in [54], the proof strategy is as follows. Pick any τ ∈ (t0 − T, t0] and fix a cutoff
function ψ(r, t) satisfying four propositions of Lemma 6.5. We can show that (6.1) holds
at the space-time point (x, τ) for all x such that d(x, p) < R/2. Since τ ∈ (t0 − T, t0] is
arbitrary, the conclusion follows.
Now we give a detailed proof. Consider a cutoff function ψ : M × [t0 − T, t0] → R, such
that
ψ = ψ(d(x, p), t) ≡ ψ(r, t).
Obviously, ψ(x, t) is be a smooth cut-off function, supported in QR,T . Using the propositions
of ψ(x, t) by Lemma 6.5, we carefully estimate each term in the evolution equation (∆f −
∂t)(ψω) in (6.2) at a space-time point where function ψω attains its maximum.
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By (6.2), we get
(6.3)
(∆f − ∂t) (ψω) ≥ 2
(
h
1− h∇h+
∇ψ
ψ
)
· ∇(ψω) + 2ψ(1− h)ω2
− 2
(
h
1− h∇h · ∇ψ +
|∇ψ|2
ψ
)
ω + (∆f − ∂t)ψ · ω.
Let (x1, t1) be a maximum space-time point for the function ψω in the following closed set
{(x, t) ∈M × [t0 − T, τ ] |d(x, p) ≤ R} .
Assume (ψω)(x1, t1) > 0; otherwise, ω(x, τ) ≤ 0 and (6.1) naturally holds at (x, τ) whenever
d(x, p) < R/2. Here t1 6= t0−T , since we assume (ψω)(x1, t1) > 0. By the standard Calabi’s
argument [2], we can also assume that function ψ(x, t) is smooth at (x1, t1) due to. Since
(x1, t1) is a maximum space-time point, at (x1, t1),
∆f(ψω) ≤ 0, (ψω)t ≥ 0 and ∇(ψω) = 0.
Using these estimates, at (x1, t1), (6.3) can be simplified as
(6.4) 2ψ(1− h)ω2 ≤
(
2h
1− h∇h · ∇ψ + 2
|∇ψ|2
ψ
)
ω − (∆fψ)ω + ψtω.
The rest of this part we will apply (6.4) to give the desired gradient estimate (6.1). We
shall divide two case according the point x1 whether lies in Bp(σ0) or not.
If x1 ∈ Bp(σ0), where σ0 := 6
√
f(p) + 8n − 8
3
is defined in Proposition 2.5, then ψ is
constant in space direction in Bp(R/2) by our assumption, where R ≥ 2σ0. So (6.4) indeed
yields the estimate
ω ≤ ψt
2ψ
≤ C
τ − (t0 − T )
at (x1, t1), where we used 1 − h ≥ 1 and proposition (3) in Lemma 6.5. Since ψ(x, τ) = 1
when d(x, p) < R/2 by the proposition (2) in Lemma 6.5, the above estimate gives that
ω(x, τ) = (ψω)(x, τ)
≤ (ψω)(x1, t1)
≤ ω(x1, t1)
≤ C
τ − t0 + T
for all x ∈ M such that d(x, p) < R/2. By the definition of w(x, τ) and the fact that
τ ∈ (t0 − T, t0] was chosen arbitrarily, we in fact prove that
|∇h|
(1− h)(x, t) ≤
C√
t− t0 + T
for all (x, t) ∈ QR/2,T := Bp(R/2) × [t0 − T, t0] with t 6= t0 − T . Then (6.1) follows since
h = ln(u/D) with D scaled to 1.
Thus we consider the case: x1 6∈ Bp(σ0). Since Ricf = 12g and d(x1, p) ≥ σ0 in Bp(R), by
Proposition 2.5, we have the weighted Laplacian comparison
(6.5) ∆f r(x1) ≤ 0.
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This comparison result will be used later. Below we will carefully estimate upper bounds
for each term of the right-hand side of (6.4). Notice that the Young’s inequality
ab ≤ am/m+ bn/n, ∀ m,n > 0 with 1/m+ 1/n = 1
will be repeatedly used in the following. Meanwhile we let c denote a constant depending
only on n whose value may change from line to line.
First, for the first term of the right hand side of (6.4), we have the estimates
(6.6)
(
2h
1− h∇h · ∇ψ
)
ω ≤ 2|h| · |∇ψ| · ω3/2
= 2
[
ψ(1− h)ω2]3/4 · |h| · |∇ψ|
[ψ(1− h)]3/4
≤ ψ(1− h)ω2 + c (h|∇ψ|)
4
[ψ(1− h)]3
≤ ψ(1− h)ω2 + c h
4
R4(1− h)3 .
For the second term of the right hand side of (6.4), we have
(6.7)
2
|∇ψ|2
ψ
ω = 2ψ1/2ω · |∇ψ|
2
ψ3/2
≤ 1
6
ψω2 + c
( |∇ψ|2
ψ3/2
)2
≤ 1
6
ψω2 +
c
R4
.
For the third term of the right hand side of (6.4), since ψ is a radial function, then at
(x1, t1), using (6.5) we can estimate it as follows
(6.8)
−(∆fψ)ω = −
[
(∂rψ)∆fr + (∂
2
rψ) · |∇r|2
]
ω
≤ (−∂2rψ)ω
≤ ψ1/2ω |∂
2
rψ|
ψ1/2
≤ 1
6
ψω2 + c
( |∂2rψ|
ψ1/2
)2
≤ 1
6
ψω2 +
c
R4
,
where in the last inequlity we used proposition (4) in Lemma 6.5.
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Finally, we estimate the last term:
(6.9)
|ψt|ω = ψ1/2ω |ψt|
ψ1/2
≤ 1
6
(
ψ1/2ω
)2
+ c
( |ψt|
ψ1/2
)2
≤ 1
6
ψω2 +
c
(τ − t0 + T )2 .
Substituting (6.6)-(6.9) into the right hand side of (6.4), we have
ψ(1− h)ω2 ≤ ch
4
R4(1− h)3 +
1
2
ψω2 +
c
R4
+
c
(τ − t0 + T )2
at (x1, t1). Since 1− h ≥ 1, then
ψω2 ≤ ch
4
R4(1− h)4 +
1
2
ψω2 +
c
R4
+
c
(τ − t0 + T )2
at (x1, t1). Moreover, since h
4 ≤ (1− h)4, the above inequality implies
(ψ2ω2)(x1, t1) ≤ (ψω2)(x1, t1)
≤ c
R4
+
c
(τ − t0 + T )2 .
Since ψ(x, τ) = 1 when d(x, p) < R/2 by the proposition (2) in Lemma 6.5, from the above
estimate, we get
ω(x, τ) = (ψω)(x, τ)
≤ (ψω)(x1, t1)
≤ c
R2
+
c
τ − t0 + T
for all x ∈ M such that d(x, p) < R/2. By the definition of w(x, τ) and the fact that
τ ∈ (t0 − T, t0] was chosen arbitrarily, we in fact show that
|∇h|
(1− h)(x, t) ≤
c
R
+
c√
t− t0 + T
for all (x, t) ∈ QR/2,T := Bp(R/2)× [t0 − T, t0] with t 6= t0 − T . This implies the conclusion
since h = ln(u/D) with D scaled to 1 and R ≥ 2σ0. 
Now we complete the proof of Theorem 6.3.
Proof of Theorem 6.3. On a complete non-compact gradient shrinking Ricci soliton (M, g, f),
for any point p ∈M and r > 0, we have the weighted volume estimate of geodesic ball Bp(r)
V fp (r) :=
∫
Bp(r)
e−fdv ≤
∫
M
e−fdv < +∞,
where we used Corollary 1.1 in [6]. By the above volume estimate, following the same
argument of Colding and Minicozzi [18], we can also prove that
dimPf2m(M) ≤ (m+ 1) dimHf2m(M)
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for all m ≥ 1, on (M, g, f). Combining this with Theorem 1.1 yields the first part of
Theorem 6.3.
Then we prove the second part of Theorem 6.3. For any fixed space-time point (x0, t0) ∈
M × (−∞, 0], we let
DR := sup
(x,t)∈Q
R,R2
|u(x, t)|,
where QR,R2 := Bx0(R)× [t0−R2, t0]. Consider a smooth function U(x, t) := u+2D2R and
it satisfies
D2R ≤ U(x, t) ≤ 3D2R
whenever (x, t) ∈ Q2R,4R2 . Then, we apply Proposition 6.4 to U(x, t) and obtain
|∇u(x0, t0)|
u(x0, t0) + 2D2R
≤ C(n)
R
for all R ≥ 2σ0, where σ0 := 6
√
f(x0) + 8n − 83 . Since f -caloric function u(x, t) is ancient
and satisfies the sublinear growth by the theorem assumption, by letting R→∞, we have
D2R = o(R), and the above estimate gives
∇u(x0, t0) = 0.
This implies that u(x, t) is constant since the point (x0, t0) ∈M × (−∞, 0] is arbitrary. The
conclusion follows. 
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